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In this paper, we first prove that each biquasiprimitive permutation group containing a
regular dihedral subgroup is biprimitive, and then give a classification of such groups. The
classification is then used to classify vertex-quasiprimitive and vertex-biquasiprimitive
edge-transitive dihedrants. Moreover, a characterization of valencies of normal edge-
transitive dihedrants is obtained, and some classes of examples with certain valences are
constructed.
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1. Introduction
Throughout the paper, graphs are assumed to be finite, connected and undirected. Let Γ be a graph; we use VΓ , EΓ , AΓ
andAutΓ to denote its vertex set, edge set, arc set and full automorphism group, respectively. For a subgroup X ofAutΓ , the
graph Γ is called X-vertex-transitive, X-edge-transitive or X-arc-transitive, if X is transitive on VΓ , EΓ or AΓ , respectively.
For v ∈ VΓ , let Γ (v) be the set of vertices which are adjacent to v. If Γ is regular, then |Γ (v)| is called the valency of Γ ,
denoted by val(Γ ).
Let G be a group and S a subset of G with 1 ∉ S and S = S−1 := {g−1 | g ∈ S}. The Cayley graph of G with respect to S
is defined with vertex set G and two vertices x and y are adjacent if and only if yx−1 ∈ S. This Cayley graph is denoted by
Cay(G, S).
It is well known that a graph Γ is isomorphic to a Cayley graph of a group G if and only if the automorphism group Aut Γ
contains a subgroupwhich is isomorphic to G and acts regularly on VΓ ; see [1, Proposition 16.3].We still denote this regular
subgroup by G. For convenience, a Cayley graph of a dihedral group is called a dihedrant, and a Cayley graph of a cyclic group
is called a circulant.
The study of dihedrants has been an active topic in the algebraic graph theory; see [4] for cubic dihedrants, [12,13,23]
for tetravalent dihedrants, [20] for distance-regular dihedrants, and [21] for locally primitive normal dihedrants. Moreover,
in a series of papers [5,19], 2-arc-transitive dihedrants are classified. It would be a natural next step to characterize edge-
transitive dihedrants.
Let Γ be an X-vertex-transitive graph. Suppose that X has a nontrivial normal subgroup N which is intransitive on VΓ .
Let VN denote the set of N-orbits on VΓ . Then the normal quotient graph of Γ induced by N , denoted by ΓN , is defined
as the graph with vertex set VN and B, C ∈ VN are adjacent if some vertices u ∈ B and v ∈ C are adjacent in Γ . If each
vertex in B is adjacent to exactly l vertices in C (thus l is a constant and does not depend on the choice of B and C), then
✩ This work was supported by the NNSF (11071210, 11171292), and the YNSF (2008CD060).∗ Corresponding author.
E-mail addresses: jmpan@ynu.edu.cn (J. Pan), huazhang@maths.uwa.edu.au (H. Zhang).
0012-365X/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2011.11.001
J. Pan et al. / Discrete Mathematics 312 (2012) 1006–1012 1007
Γ is called a normal multicover of ΓN . It is known that each vertex- and edge-transitive graph is a normal multicover of its
normal quotient graph; see [18, p. 1064]. In particular, each vertex- and edge-transitive dihedrant is a normal multicover
of a vertex-quasiprimitive or vertex-biquasiprimitive edge-transitive dihedrant. Recall that a permutation group is called
quasiprimitive if each of its non-trivial normal subgroups is transitive, while a permutation group is called biquasiprimitive
if each of its non-trivial normal subgroups has at most two orbits and at least one has exactly two orbits.
A transitive permutation group X on Ω is called biprimitive if Ω has an X-invariant partition Ω = ∆1 ∪ ∆2 such that
X∆1 = X∆2 is primitive on∆1 and∆2. The first main result of this paper is the following assertion.
Theorem 1.1. Each biquasiprimitive permutation group containing a regular dihedral subgroup is biprimitive.
A Cayley graph Cay(G, S) is called normal Cayley graph, initiated by Xu [24], if G is normal in Aut Γ . For a graph Γ , its
standard double cover is the graph Γ˜ with vertex set VΓ × {1, 2} such that two vertices (u, i) and (v, j) are adjacent if and
only if i ≠ j and u and v are adjacent in Γ .
With Theorem 1.1, the following theorem gives a classification of vertex-quasiprimitive and vertex-biquasiprimitive
edge-transitive dihedrants.
Theorem 1.2. Each connected edge-transitive dihedrant is a normal multicover of an X-edge-transitive dihedrant Γ such that
X is quasiprimitive or biquasiprimitive on VΓ , and further, either
(1) X is quasiprimitive on VΓ , and Γ = K2n; or
(2) X is biquasiprimitive on VΓ , and one of the following holds.
(i) Γ = Kn,n, or Kn,n − nK2;
(ii) Γ is the standard double cover of a normal Cayley graph of the group Zp with valency l | (p− 1), where p is a prime;
(iii) Γ = HD(11, 5, 2) or HD(11, 6, 2), the incidence or nonincidence graphs of the Hadamard design on 11 points;
(iv) Γ = PG(d− 1, q) or PG′(d− 1, q), the point-hyperplane incidence or nonincidence graphs on projective space.
We remark that as normal circulants may be explicitly constructed [11], vertex-quasiprimitive and vertex-
biquasiprimitive edge-transitive dihedrants are therefore completely determined by Theorem 1.2. However, it still seems
quite difficult to give a nice characterization of general edge-transitive dihedrants.
A Cayley graph Γ = Cay(G, S) is called X-normal edge-transitive, if X ≤ Aut Γ is transitive on EΓ and G is normal in X .
Normal edge-transitive Cayley graphs were initiated by Praeger [22] and have some nice properties; see [8,15–17]. In [21],
the first author proves that locally primitive normal metacirculants are dihedrants and classifies such graphs. The following
theorem characterizes the valencies of normal edge-transitive dihedrants, and certain examples are constructed in Section 3.
Theorem 1.3. Let Γ = Cay(G, S) be a connected X-normal edge-transitive dihedrant of valency k, where G ▹ X ≤ Aut Γ .
Suppose G ∼= D2n and n = pr11 pr22 . . . prtt is the prime decomposition. Then one of the following statements holds.
(i) If t = 1, then either k = pr11 or k | φ(pr11 ), whereφ is the Euler Phi-function. Conversely, for each k satisfying these conditions,
there exists a connected X-normal edge-transitive dihedrant with valency k.
(ii) If t ≥ 2, then [k1, k2, . . . , kt ] | k and k ≤ k1k2 · · · kt , where ki = prii or ki | φ(prii ) for each i, and [k1, k2, . . . , kt ] is the
minimal common multiple of k1, k2, . . . , kt .
2. Basic edge-transitive dihedrants
For convenience, a permutation group is called a c-group or d-group if it has a regular subgroupwhich is cyclic or dihedral,
respectively.
The class of quasiprimitive c-groups is classified in [9,14] independently.
Theorem 2.1. Let X be a quasiprimitive permutation group onΩ containing a regular cyclic subgroup G. Let α ∈ Ω . Then either
X is affine or 2-transitive, and one of the following holds:
(i) Zp ∼= G ≤ X ≤ AGL(1, p) with p a prime;
(ii) (X,G, Xα) = (PSL(2, 11),Z11,A5), (M11,Z11,A6.2), or (M23,Z23,M22);
(iii) X = PGL(d, q).O,G ∼= Z(qd−1)/(q−1), and Xα = [qd−1]:GL(d− 1, q).O, where O ≤ PΓ L(d, q)/PGL(d, q);
(iv) X = PΓ L(2, 8),G = ⟨sσ ⟩ ∼= Z9, and Xα ∼= 23:7:3, where ⟨s⟩ is a Singer subgroup of X, and σ ∈ X \ PSL(2, 8) such that
o(σ ) = 3;
(v) (X,G, Xα) = (Sn,Zn, Sn−1) or (A2m+1,Z2m+1,A2m).
The classification of quasiprimitive d-groups is given in [16].
Theorem 2.2. Let X be a quasiprimitive permutation group on Ω which contains a regular dihedral subgroup G. Then X is
2-transitive, and one of the following holds:
(i) (X,G) = (A4,D4), (S4,D4), (AGL(3, 2),D8), (AGL(4, 2),D16), (24:A7,D16), (24:A6,D16), or (24:S6,D16);
(ii) (X,G, Xα) = (M12,D12,M11), (M22.2,D22, PSL(3, 4).2), or (M24,D24,M23);
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(iii) (X,G, Xα) = (A4m,D4m,A4m−1) or (S2m,D2m, S2m−1);
(iv) (X,G, Xα) = (PSL(2, pe).O,Dpe+1,Zep:Z pe−1
2
.O), where pe ≡ 3 (mod 4), and O ≤ Out(PSL(2, pe)) = Z2 × Ze;
(iv) (X,G, Xα) = (PGL(2, pe).Zf ,Dpe+1,Zep:Zpe−1.Zf ), where pe ≡ 1 (mod 4), and f | e.
Let H ≤ X be groups. The core of H in X , denoted by coreX (H), is the maximal normal subgroup of X contained in H . It is
known that coreX (H) =x∈X Hx. If coreX (H) = 1, then H is called core-free in X . It is well known that a transitive action of
X is faithful if and only if that the vertex stabilizer of X is core-free in X . For a group X , the socle of X , denoted by soc(X), is
defined as the product of all minimal normal subgroups of X .
Theorem 2.2 has the following corollary.
Corollary 2.3. Let X be a primitive permutation group onΩ with soc(X) = PSL(d, q) and |Ω| = qd−1q−1 . If X contains a transitive
dihedral group, then d = 2.
Proof. Suppose G = ⟨a, b⟩ ∼= D2n is a transitive dihedral subgroup of X . If G is regular onΩ , then d = 2 by Theorem 2.2.
Assume that G is not regular on Ω . For α ∈ Ω,Gα ≠ 1 is core-free in G, so Gα = ⟨aib⟩ ∼= Z2 for some i. Thus
|Ω| = |G:Gα| = n, and H := ⟨a⟩ ∼= Zn is a Singer subgroup of X and regular on Ω . By [7, Theorem 7.3], we have
G ≤ NX (H) = ⟨a⟩.⟨x⟩, where ⟨x⟩ ∼= Zd and ax = aq. Thus there exists some positive integer i < d such that aqi = axi = a−1,
so a1+qi = 1. Hence qd−1q−1 divides 1+ qi; it then easily implies that d = 2. 
Next, we may prove Theorem 1.1.
Proof of Theorem 1.1. Let X be a biquasiprimitive permutation group on Ω and contain a regular dihedral subgroup
G = ⟨a⟩:⟨b⟩ ∼= D2n. Then there exists a minimal normal subgroup M of X which has exactly 2 orbits on Ω , say ∆1 and
∆2. Let X+ = X∆1 = X∆2 , the kernel of X acting on {∆1,∆2}. Then |X :X+| = 2.
Suppose that (X+)∆i is imprimitive and α ∈ ∆1. Then Xα = X+α is not maximal in X+. Let L be a maximal subgroup of X+
containing X+α . Let B = αL andB = {Bx | x ∈ X}. ThenB is a block system of X onΩ and XB = X+B = L. LetBi be the set of
blocks inB which lie in∆i. ThenB = B1 ∪B2 and (X+)Bi is primitive since L is maximal in X+. As X is biquasiprimitive on
Ω and |B| ≥ 4, X acts faithfully onB, that is, X ∼= XB . In particular, G ∼= GB . Thus GB is core-free in G, and GB = ⟨aib⟩ ∼= Z2
for some i. It follows that |B| = |G : GB| = n is even, |B| = 2, ⟨a⟩ ∼= Zn is regular on B, and H := ⟨a2⟩ ∼= Zn/2 is regular
on bothB1 andB2. Hence (X+)Bi is primitive and contains a regular cyclic group H , and so satisfies Theorem 2.1. Now, let
G+ = G ∩ X+. Then |G:G+| = 2 and G+ = ⟨a2, b⟩ ∼= Dn is transitive onBi since a ∉ G+.
Assume first that X+ acts faithfully on Bi. Then X+ ∼= (X+)B1 and the triple (X+,H, X+B ) satisfies Theorem 2.1. Noting
that α ∈ B and X+B = XB = Xα.2, that is, X+B has a normal subgroup with index 2, it follows that (X+,H, X+B ) =
(M11,Z11,A6.2), (Sn/2,Zn/2, Sn/2−1), satisfies Theorem 2.1(iii). If (X+,H, X+B ) = (M11,Z11,A6.2), since Out(M11) = 1 and
X = X+.2, we have X = X+ × Z2. So X has a nontrivial normal subgroup isomorphic to Z2 which has n orbits on Ω ,
which is a contradiction since X is biquasiprimitive. If (X+,H, X+B ) = (Sn/2,Zn/2, Sn/2−1), then X+α = An/2−1 is a subgroup
of soc(X+) = An/2, and |soc(X+) : X+α | = |An/2 : An/2−1| = n/2. Thus soc(X+) ▹ X has 4 orbits onΩ , which is impossible.
Consider the case that X+ satisfies Theorem 2.1(iii). Recall X+ is primitive onBi and contains a transitive dihedral group G+,
so by Corollary 2.3, d = 2. Let Y = PGL(2, q) ▹ X+. Then Y+B = Zep:Zq−1, and Y+α = Zep:Z(q−1)/2 ⊆ soc(Y ), where pe = q. It
follows |soc(Y ) : soc(Y )α| = q+ 1. Since |Ω| = 4|B1| = 4(q+ 1), soc(Y ) ▹ X has 4 orbits onΩ , which is not possible.
Thus assume now that X+ is unfaithful on B1. Let Ki be the kernel of X+ acting on Bi. For g ∈ X \ X+, it is not difficult
to show that K1 = K g2 , K2 = K g1 , K1 × K2 ▹ X , and Ki acts faithfully on B3−i. Since (X+)Bi is primitive of affine or almost
simple type, and 1 ≠ Ki ∼= KB3−ii ▹ (X+)B3−i , we have that soc(Ki) = soc(X+)B3−i , and N := soc(X) = soc(X+) =
soc(K1) × soc(K2). Then for B = αL ∈ B1,NB = soc(K1) × soc(K2)B and |N:NB| = |soc(K2):soc(K2)B| = n/2. Because X
is biquasiprimitive on Ω and N ⊆ X+,N is transitive on ∆i, and NB = Nα.2. Recall that (X+)Bi is a primitive c-group and
satisfies Theorem 2.1.
If (X+)Bi is affine, then N = Z2p and NB ∼= Zp has no subgroup with index 2, not possible. Similarly, if (X+)Bi satisfies part
(iv), (v), or (X+)Bi = PSL(2, 11) orM23 as in part (ii), we haveN = PSL(2, 8)×PSL(2, 8),An/2×An/2, PSL(2, 11)×PSL(2, 11)
or M23 ×M23, respectively. And NB = PSL(2, 8)× 23:7, An/2 × An/2−1, PSL(2, 13)× A5 or M23 ×M22, respectively. In these
cases, NB always has no subgroup with index 2, which is again impossible. If (X+)Bi = M11, then X+ = M11 ×M11, which
is also impossible as X+ has no subgroup isomorphic to G+ ∼= D22.
Finally, suppose that (X+)Bi satisfies part (iii) of Theorem 2.1. As (X+)Bi contains a transitive dihedral group (G+)Bi ,
Corollary 2.3 implies d = 2. Then N = PSL(2, q)× PSL(2, q). Let Z ≤ X+ such that Z ⊇ N and Z/soc(K1) ∼= PGL(2, q). Then
ZB = PSL(2, q).(Zep:Zq−1) and Zα = PSL(2, q)× (Zep:Z(q−1)/2) ≤ N , it follows that |αN | = q+ 1. Thus N ▹ X has 4 orbits on
Ω , which is a contradiction. 
With Theorem 1.1, we may characterize biquasiprimitive d-groups now.
Theorem 2.4. Let X be a biquasiprimitive permutation group with bi-partition∆1 and∆2, and contain a regular dihedral group
G ∼= D2n. Let X+ = X∆1 = X∆2 . Then X = X+.2 is biprimitive, and either
(i) X+ is unfaithful on∆i, K1× K2 ▹ X+ ≤ (X+)∆1 × (X+)∆2 = K1.O1× K2.O2, where Ki is the kernel of X+ acting on∆i, and
Ki.Oi is a primitive c-group or primitive d-group on∆3−i (as listed in Theorem 2.1 or Theorem 2.2); or
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(ii) X+ is faithful on∆i, and one of the following holds:
(a) X = Zp:Z2l ≤ AGL(1, p),G = D2p, where p is a prime and 2l | (p− 1);
(b) (X,G, Xα) = (S4,D8, S3), (PGL(2, 11),D22,A5), or (M12.2,D24,M11);
(c) X = PGL(2, q).Zf ,G = D2(q+1), and Xα = Zep:Z(q−1)/(2,q−1).Zf , where q = pe ≥ 3 and f | e;
(d) X = PGL(d, q).O.Z2,G = D2(qd−1)/(q−1), and Xα = [qd−1].GL(d − 1, q).O, where d ≥ 3 and O.Z2 ≤ PΓ L(d, q)/
PGL(d, q);
(e) (X,G, Xα) = (S4m,D8m,A4m−1), or (S2m+1,D4m+2,A2m).
Proof. Let G+ = G∆1 = G∆2 . Then G = G+.2 and G+ is regular on ∆i. Since G is a dihedral group, we have G+ ∼= Dn or
Zn. By Theorem 1.1, (X+)∆i is primitive, so (X+)∆i is a primitive c-group or d-group, and hence satisfies Theorem 2.1 or
Theorem 2.2.
Assume first that X+ acts unfaithfully on ∆i. Let Ki be the kernel of X+ acting on ∆i. Then each element g ∈ X \ X+
interchanges K1 and K2 by conjugation. Since 1 ≠ K1 ∼= K∆21 ▹ (X+)∆2 , it follows K1 ≥ soc(X+)∆2 is transitive on ∆2.
Similarly, K2 ≥ soc(X+)∆1 is transitive on∆1. Further, K1 × K g1 ▹ X+ ≤ (X+)∆1 × (X+)∆2 = K1.O1 × K g1 .O2.
Assume now that X+ acts faithfully on∆i. Then X ∼= (X+)∆i is a primitive c-group or d-group. If X+ = Zp with p prime,
then X = X+.2 = D2p. Suppose X+ ≠ Zp, then Z(X+) = 1. Let C = CX (X+). Then X+ ∩ C = 1, and X+C = X+ × C ▹ X .
Thus C ≤ Z2 as X+ has index 2 in X . If C ∼= Z2, then the normal subgroup C ▹ X has more than two orbits onΩ , which is a
contradiction since X is biquasiprimitive. Thus C = 1, and so an element of X \ X+ induces an non-trivial automorphism of
X+ of order 2. In particular, 2 divides |Out(X+)|.
Suppose X+ is affine on∆i. Then either X+ ≤ AGL(1, p), or (X+,G+) satisfies Theorem 2.2(i). For the former, (X+,G+) =
(Zp:Zl,Zp), it follows that (X,G) = (Zp:Z2l,D2p) and 2l | (p− 1) since X ≤ Aut(X+) = Zp:Zp−1. Suppose (X+,G+) satisfies
Theorem 2.2(i). Since 2 divides |Out(X+)|, (X+,G+) ≠ (S4,D4). Let N = soc(X+) = Zdp. Then X/N = X/CX (N) ≤ GL(d, p)
and hence X+.2 = X ≤ AGL(d, p). Thus (X+,G+) does not equal (AGL(3, 2),D8) or (AGL(4, 2),D16), and since 24:A7
and 24:S6 are maximal subgroups of AGL(4, 2), and their indexes in AGL(4, 2) are not 2, it follows that (X+,G+) does
not equal (24:A7,D16) or (24:S6,D16). So (X+,G+) = (A4,D4) or (24:A6,D16), we conclude (X,G, Xα) = (S4,D8, S3) or
(X,G) = (24:S6,D32). However, as S6 has no element of order 8, the case where (X,G) = (24:S6,D32) is impossible. Thus,
either (X,G) = (Zp:Z2l,D2p), or (X,G, Xα) = (S4,D8, S3), as in part (a), (b).
Suppose that X+ is almost simple. Then X+ satisfies Theorems 2.1 and 2.2, and X = X+.2 is almost simple with
soc(X) = soc(X+). Assume that X+ satisfies Theorems 2.1(ii) and 2.2(ii). Noting that 2 divides |Out(X+)|, we conclude
that (X,G, Xα) = (PGL(2, 11),D22,A5), or (M12.2,D24,M11) as in part (b). If soc(X) is an alternating group, then part (e)
holds. Finally, the candidates in Theorem 2.1(iii) give rise to the examples in part (d), while those in Theorem 2.2(iv) or (v)
give rise to the examples in part (c). 
Now, we are ready to classify basic edge-transitive dihedrants.
Proof of Theorem 1.2. Suppose first that X is quasiprimitive on VΓ . By Theorem 2.2, X is 2-transitive on VΓ , so Γ = K2n
is a complete graph.
Suppose now that X is biquasiprimitive on VΓ with bi-partition∆1 and∆2. Then Γ is a bipartite graph. By Theorem 1.1,
X = X+.2 is biprimitive. If X+ is unfaithful on∆i, then Theorem 2.4(i) holds. In particular, Ki is transitive on∆3−i, where Ki
is the kernel of X+ acting on∆i. Thus Γ = Kn,n is a complete bipartite graph.
Assume that X+ is faithful on ∆i. Then Theorem 2.4(ii) holds. If X satisfies part(a), then Xα = Zl is transitive on Γ (α),
and so regular. Hence val(Γ ) = l. Since Γ is not a complete bipartite graph, there exist vertices u ∈ ∆1 and v ∈ ∆2 which
are not adjacent in Γ . Noting that N := soc(X) = Zp is regular on both∆1 and∆2, label the elements of N as n1, n2, . . . , np
with n1 = 1, then ∆1 = {uni | ni ∈ N} and ∆2 = {vni | ni ∈ N}. Set S = {ni ∈ N | (u, vni) ∈ AΓ }. Let Σ = Cay(N, S) and
let Σ˜ be the standard double cover ofΣ .
Define φ(uni) = (ni, 1) and φ(vni) = (ni, 2), where 1 ≤ i ≤ p. Then φ is a bijection of VΓ to V Σ˜ , and
(uni , vnj) ∈ AΓ ⇐⇒ (u, vnjn−1i ) ∈ AΓ
⇐⇒ njn−1i ∈ S
⇐⇒ (ni, nj) ∈ AΣ
⇐⇒ ((ni, 1), (nj, 2)) ∈ AΣ˜ .
ThusΓ ∼= Σ˜ is the standard double cover ofΣ . Further, letA = AutΣ . ThenA is primitive on VΣ since |VΣ | = p is a prime,
and A is not 2-transitive as Σ is not a complete graph. By the Burnside’s classification of transitive permutation groups of
prime degree (see [3]), we have A ≤ AGL(1, p), so N ▹ AutΣ , that is,Σ is a normal Cayley graph of the group Zp.
For the other cases, X+ ∼= (X+)∆i are always 2-transitive. If (X+)∆1 and (X+)∆2 are permutation equivalent, then for
vertex v ∈ ∆1, the vertex stabilizer (X+)v has a fixed vertex v′ ∈ ∆2 and two orbits ∆1 \ {v} and ∆2 \ {v′}. Thus
Γ (v) = ∆2 \ {v′} and Γ = Kn,n − nK2.
Now, assume (X+)∆1 and (X+)∆2 are permutation inequivalent. By Theorem2.4 and [2, Theorem5.3], either (X,G, X+α ) =
(PGL(2, 11),D22,A5), or (X,G, X+α ) satisfies Theorem 2.4(ii)(d). For the former, X+α ∼= A5 has exactly two orbits on∆2 with
the sizes 5 and 6, thus Γ = HD(11, 5, 2) or HD(11, 6, 2), the Hadamard design on 11 points. For the latter, one may deduce
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from [10, Theorem 1] that Γ = PG(d − 1, q) or PG′(d − 1, q), the point-hyperplane incidence or nonincidence graphs on
projective space. 
Motivated by Theorem 1.2, a further research problem naturally arises.
Problem 2.5. Characterize normal multicovers of graphs in Theorem 1.2 that are edge-transitive dihedrants.
3. Normal edge-transitive dihedrants
Let Γ = Cay(G, S). Let
Aut(G, S) = ⟨σ ∈ Aut(G) | Sσ = S⟩.
It is known that Aut(G, S) ≤ (Aut Γ )1 and normalizes the regular subgroup G, where 1 denotes the vertex of Cay(G, S)
corresponding to the identity element of G. Further, the normalizer of G in Aut Γ is uniquely determined by Aut(G, S).
Lemma 3.1 ([6, Lemma 2.1]). For a Cayley graph Γ = Cay(G, S), the normalizer NAut Γ (G) = G:Aut(G, S).
Lemma 3.2. Each connected normal edge-transitive dihedrant is arc-transitive.
Proof. Suppose that Γ = Cay(G, S) is an X-normal edge-transitive dihedrant, where G ▹ X ≤ Aut Γ . Since G is a
dihedral group and Γ is connected, we have that ⟨S⟩ = G and then S contains at least one involution, say s. By Lemma 3.1,
X ≤ NAut Γ (G) = G:Aut(G, S), so X1 ≤ Aut(G, S) and X = GX1.
For any s′ ∈ S, since X is edge-transitive, there exists an element gσ ∈ X such that {1, s}gσ = {1, s′}, where g ∈ G and
σ ∈ X1. So either 1gσ = 1 and sgσ = s′, or 1gσ = s′ and sgσ = 1. For the formal, we have g = 1 and s′ = sσ ∈ sX1 . For the
latter, we have g = s−1 = s and s′ = gσ = sσ ∈ sX1 . Thus X1 is transitive on Γ (1) = S, that is, Γ is X-arc-transitive. 
Let Γ = Cay(G, S) be an X-normal edge-transitive graph, where G ▹ X ≤ Aut Γ . If there exists N ≤ coreX (G) such that
N ▹ X , then the normal quotient graph ΓN is called a core-quotient graph. The following lemma gives some properties of
core-quotient graphs, which will be used in the proof of Theorem 1.3.
Lemma 3.3. Let Γ = Cay(G, S) be an X-normal edge-transitive graph, where G ▹ X ≤ Aut Γ . Suppose N ≤ coreX (G) such
that N ▹ X. Let K denote the kernel of X acting on the set of N-orbits on VΓ . Set X¯ = X/K and G¯ = GK/K. Then the following
statements hold.
(1) ΓN ∼= Cay(G/N, SN/N), and Γ is an X¯-normal edge-transitive Cayley graph of G¯, where SN/N := {Ns | s ∈ S}.
(2) Γ is a multicover of ΓN , and val(Γ ) = k · val(ΓN), where k = |Ss ∩ N| and s ∈ S.
Proof. Since N ≤ coreX (G), the statement ΓN ∼= Cay(G/N, SN/N) follows by Praeger [22]. Since G¯ ≤ Aut(ΓN) is transitive
on VΓN , and |G¯| ≤ |G/N| = |VΓN |, it follows that G¯ is regular on VΓN , that is,Γ is a Cayley graph of G¯. Because X¯ is transitive
on EΓN and G¯ ▹ X¯ , part (1) follows.
It is known that Γ is a multicover of ΓN , so val(Γ ) = k · val(ΓN) for some k. For s ∈ S, let B = 1N and C = sN , where 1 is
the vertex of Γ corresponding to the identity element of G. Then B and C are adjacent in ΓN . Since each element in C can be
expressed as sn−1 for some n ∈ N , and sn−1 is adjacent in Γ to 1 if and only if ns−1 ∈ S, equivalently, n ∈ Ss ∩ N . It follows
that k = |Ss ∩ N|. 
To construct examples of normal edge-transitive dihedrants, we need some properties of the automorphism groups of
dihedral groups.
Lemma 3.4. Let G = ⟨a⟩:⟨b⟩ ∼= D2n be a dihedral group. Then
(i) Aut(G) = N:R ∼= Zn:Z∗n . Further, each automorphism σ ∈ N and τ ∈ R can be defined as following.
σ : a → a, b → aib, where 0 ≤ i ≤ n− 1. (1)
τ : a → aj, b → b, where (j, n) = 1. (2)
(ii) Suppose n = pr11 pr22 . . . prtt is the prime decomposition. Then there exist a1, a2, . . . , at such that ⟨a⟩ = ⟨a1⟩×⟨a2⟩×· · ·×⟨at⟩
and ⟨ai⟩ ∼= Zprii for each i. Let Gi = ⟨ai, b⟩. Then Gi ∼= D2prii , and
Aut(G) ∼= Aut(Gi)× Aut(G2)× · · · × Aut(Gt).
Proof. Part (i) is well-known.
Let γ ∈ Aut(G). Since ⟨ai⟩ is a characteristic subgroup of ⟨a⟩, and ⟨a⟩ is a characteristic subgroup of G, it follows that
⟨ai⟩ is a characteristic subgroup of G. So γ induces an automorphism γi of ⟨ai⟩ and hence of Gi for each i. Define a map φ
from Aut(G) to Aut(Gi) × Aut(G2) × · · · × Aut(Gt) by φ(γ ) = (γ1, γ2, . . . , γt). Then it is easy to verify that φ is a group
isomorphism. 
Suppose s and n are positive coprime integers. If sl ≢ 1 (mod n) for each 1 ≤ l < φ(n), where φ is the Euler Phi-function,
then s is called a primitive root of n. It is well known that a positive integer n has a primitive root if and only if n = 2, 4, pr
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or 2pr with p an odd prime. Further, if n = pr with p an odd prime, we may choose a primitive root s of n such that s is a
primitive root of pk for each k ≥ 1. For positive integers c and d, we use pc ‖ d to denote that pc |d but pc+1 ̸ | d.
In the following, for convenience, we always suppose G = ⟨a⟩:⟨b⟩ ∼= D2n is a dihedral group, and N and R are as in
Lemma 3.4.
Lemma 3.5. Suppose n = pr with p a prime, and suppose σ ∈ N such that bσ = ab and τ ∈ R such that aτ = aj. Then the
following statements hold.
(i) For any integers c, d, e, (σ cτ d)e = σ
jde−1
jd−1 cτ de.
(ii) Let τi ∈ R for i = 1, 2, . . . , n. Let M = ⟨σ ciτi | i = 1, 2, . . . ,m⟩, where c1, . . . , cm are integers. Then ⟨bM⟩ = G if and only
if p ̸ | ci for some i.
(iii) If p is an odd prime, choose j a primitive root of pl for each l ≥ 1, then Aut(G) = ⟨σ ⟩:⟨τ ⟩. Let H = ⟨σ cτ d⟩ with p ̸ | c. Then
if (p− 1)|d, then |bH | = pr ; if (p− 1) ̸ | d, then |bH | = pr−1(p−1)
(d,pr−1(p−1)) .
(iv) If p = 2, let K = ⟨σ d, σ cτ0⟩, where τ0 ∈ R such that aτ0 = a−1 and 2 ̸ | c. Then if 2 ̸ | d, then |bK | = 2r ; if 2e ‖ d with
e ≥ 1, then |bK | = 2r−e+1.
Proof. (i) Note τ−1στ = σ j, then part (i) easily follows.
(ii) Suppose aτi = aji . Then bσ ci τi = acijib. By direct computation, we have
⟨bM⟩ = ⟨b, ac1j1 , . . . , acmjm⟩ = ⟨b, a(c1j1,...,cmjm)⟩.
It then follows that ⟨bM⟩ = G if and only if (p, c1j1, . . . , cmjm) = 1. Note (p, ji) = 1, which is equivalent to p ̸ | ci for some i.
(iii) Suppose α = (σ cτ d)e ∈ H . By (i), we have
bα = a
jde−1
jd−1 cj
de
b,
so α ∈ Hb if and only if
jde − 1
jd − 1 ≡ 0 (mod p
r). (3)
Assume first (p − 1)|d and suppose pr ′ ‖ d. Since j is a primitive root of pr , we have pr ′+1 ‖ (jd − 1). Thus Eq. (3) is
equivalent to de ≡ 0 (mod pr+r ′(p− 1)). It follows that e ≡ 0 (mod pr). So Hb = ⟨(σ cτ d)pr ⟩, and hence |bH | = |H:Hb| = pr .
Assume now (p− 1) ̸ | d. Then jd − 1 ≢ 0 (mod p), so Eq. (3) is equivalent to jde ≡ 1 (mod pr). It follows that
e ≡ 0

mod
pr−1(p− 1)
(d, pr−1(p− 1))

.
Therefore |bH | = |H:Hb| = pr−1(p−1)(d,pr−1(p−1)) .
(iv) Then p = 2. If 2 ̸ | d, then K = ⟨σ , τ0⟩ = ⟨σ ⟩.⟨τ0⟩, so Kb = K ∩ R = ⟨τ0⟩ and hence |bK | = |K :Kb| = 2r . If 2e ‖ dwith
e ≥ 1, it is easily shown that Kb = 1, so |bK | = |K | = 2r−e+1. 
We now construct normal dihedrants with certain valencies.
Construction 3.6. Suppose n = pr with p a prime.
(i) For p odd, let H1 = ⟨σ cτ d⟩, where p ̸ | c and (p−1)|d, and let H2 = ⟨σ cτ pr−α−1e⟩, where p ̸ | c, e is a proper divisor of p−1
and 1 ≤ α ≤ r − 1. Let Si = bHi for i = 1, 2.
(ii) For p = 2, let H3 = ⟨σ 2β , σ cτ0⟩, where 2 ̸ | c, 1 ≤ β ≤ r, and τ0 ∈ R such that aτ0 = a−1. Let S3 = bH3 .
Let Γi = Cay(G, Si) be Cayley graphs for i = 1, 2, 3.
Lemma 3.7. Using notations as in Construction 3.6. ThenΓi are connected normal edge-transitive dihedrants, and val(Γ1) = pr ,
val(Γ2) = pα(p−1)e , val(Γ3) = 2r−β+1.
Proof. By Lemma 3.5(ii), Γi are connected. Note that elements in Si are involutions, so each Γi is undirected. Let Xi = G:Hi
for i = 1, 2, 3. Then G ▹ X and (Xi)1 = Hi is transitive on Γ (1) = S, thus Γi are Xi-normal edge-transitive dihedrants.
Further, by Lemma 3.5(iii) and (iv), val(Γ1) = |bH1 | = pr , val(Γ3) = |bH3 | = 2r−β+1, and
val(Γ2) = |bH2 | = p
r−1(p− 1)
(pr−α−1e, pr−1(p− 1)) =
pα(p− 1)
e
. 
Finally, we prove Theorem 1.3.
1012 J. Pan et al. / Discrete Mathematics 312 (2012) 1006–1012
Proof of Theorem 1.3. By Lemma 3.2, Γ is X-arc-transitive, and hence by Lemma 3.1, X1 ≤ Aut(G, S) is transitive on S, that
is S = sX1 for some s ∈ S. As Γ is connected, ⟨S⟩ = G. As ⟨a⟩ is a characteristic subgroup of G, it follows that s ∈ G\ ⟨a⟩. Since
all elements in G \ ⟨a⟩ are involutions and conjugate in Aut(G), and Cay(G, S) ∼= Cay(G, Sξ ) for each ξ ∈ Aut(G), without
lose of generality, we may assume that s = b.
Then, by Lemma 3.4, A := Aut(G) = Zn:Z∗n , and in particular, |Aut(G)| = nφ(n) with φ the Euler Phi-function. Write
B = Z∗n . Since X1 ≤ Aut(G, S) ≤ Aut(G), we have k = |S| divides mφ(m). On the other hand, it is known that stabilizer
Ab = B, so k = |bX1 | = |X1:(X1 ∩ B)| = |X1B|/|B| ≤ |A|/|B| = n.
Assume t = 1, that is, n = pr is a prime power. Then k | prφ(pr) and k ≤ pr , so either k = pr or k | φ(pr). Conversely,
suppose k = pr or k | φ(pr). By Lemma 3.7, if p is odd, let α run over 1, 2, . . . , r−1 and e run over all proper positive divisors
of p − 1; if p = 2, let β run over 1, 2, . . . , r − 1, we conclude that there always exists a connected normal edge-transitive
dihedrant with valency k. This proves part (i).
Now, assume t ≥ 2. Let Gi, ai be as in Lemma 3.4(ii), where 1 ≤ i ≤ s. Let Ni = ∏j≠i⟨aj⟩. Then Ni is a characteristic
subgroup of G and hence Ni ▹ X . Let ΓNi be the normal quotient graph of Γ with respect to Ni, and let ki be the valency of
ΓNi . Then either ki = prii or ki | pri−1i (pi − 1) as in part (i). By Lemma 3.3, ΓNi is a normal edge-transitive dihedrant of Gi, and
Γ is a normal multicover of ΓNi for each i. Thus [k1, k2, . . . , kt ] | k.
Define a map λ of sets S to SN1/N1 × · · · × SNt/Nt by
λ : s −→ (N1s, . . . ,Nts).
Since N1 ∩ · · · ∩ Nt = {1}, it follows that λ is an injection, so by Lemma 3.3,
k = |S| ≤ |SN1/N1| × · · · × |SNt/Nt | = k1k2 · · · kt ,
this completes the proof of the theorem. 
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